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We explore an analogy between the thermodynamics of a free dissipative quantum particle in one dimension
and that of an electromagnetic field between two mirrors of finite conductivity. While a free particle isolated
from its environment will effectively be in the high-temperature limit for any nonvanishing temperature, a
finite coupling to the environment leads to quantum effects ensuring the correct low-temperature behavior.
Even then, it is found that under appropriate circumstances the entropy can be a nonmonotonic function of the
temperature. Such a scenario with its specific dependence on the ratio of temperature and damping constant
also appears for the transverse electric mode in the Casimir effect. The limits of vanishing dissipation for the
quantum particle and of infinite conductivity of the mirrors in the Casimir effect both turn out to be
noncontinuous.
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I. INTRODUCTION
Recently there has been considerable interest in the study
of thermodynamic quantities of a system in the presence of a
finite coupling to a heat bath 1–8. In contrast to the classi-
cal equilibrium state, the stationary quantum state depends
on the system-bath coupling and thus the low-temperature
regime is of particular interest. Even on a conceptual level,
for finite system-bath coupling, the correct definition of basic
thermodynamic quantities such as the specific heat has
proven to be far from obvious 1,3.
The thermodynamics of a free particle coupled to a heat
bath is particularly rich. In the absence of an environment,
the free particle behaves classically for any nonvanishing
temperature. This unusual behavior is a consequence of the
lack of any energy scale besides the thermal energy kBT
=1 /, where T is the temperature and kB is the Boltzmann
constant. The situation changes once the particle is confined
to a finite region in space or coupled to an environment.
Because for an undamped free particle or a free particle sub-
ject to a linear damping force the dimensionality of space
manifests itself only in a prefactor, we will restrict our dis-
cussion to the one-dimensional case. Constraining the mo-
tion of the particle to a region of length L then results in a
new energy scale 2 /2ML2, where M is the mass of the
particle. If the particle is coupled to an environment, the
corresponding relaxation frequency  yields an additional
energy scale  so that in this case all thermodynamic quan-
tities depend on the dimensionless temperature kBT /.
The peculiar combination kBT / implies that for any
nonzero temperature, the free particle will be driven into the
classical regime when  approaches zero. On the other hand,
for any nonzero value of , there exists a low-temperature
region which is essentially quantum in nature and depends
on the coupling to the heat bath 1,3. In this regime, the
specific heat approaches zero as temperature goes to zero
while the specific heat of an isolated free particle remains at
its classical value kB /2. While it might appear counterintui-
tive that the presence of damping renders the particle’s be-
havior more quantum mechanical, it can be understood
within the system-bath model introduced in Eqs. 1–4 be-
low. The oscillator bath couples to the system coordinate in
order to give rise to a damping force proportional to the
velocity. As a consequence, this coupling renders the position
more classical while this does not have to be the case for its
conjugate momentum variable.
Interestingly, for appropriately chosen coupling between
the free particle and the heat bath, the entropy exhibits a
nonmonotonic behavior as a function of temperature. Evalu-
ation of the specific heat according to standard thermody-
namic relations results in negative values. However, as en-
tropy and specific heat pertain only to a subsystem formed
by the free particle, this is not in contradiction to basic ther-
modynamic stability criteria 7.
While the free particle might appear to be rather special,
we will argue in the present paper that the scenario just dis-
cussed also applies in the context of the Casimir effect for a
review see 9–12 and references therein. There, in the sim-
plest case, one considers the force between two parallel plane
mirrors separated by a distance L due to the boundary con-
ditions imposed by the mirrors on the electromagnetic field
13. The coupling between the electrons in the mirrors and
the electromagnetic field therefore is essential, in particular if
real mirrors are considered. On the one hand, the reflectivity
of metals goes to zero for high frequencies on a scale deter-
mined by the plasma frequency P. On the other hand, as
long as normal metals are considered, the dc conductivity 0
is finite. Within the Drude model this finite conductivity un-
avoidably comes with a relaxation frequency .
The conductivity of metals such as gold employed in
measurements of the Casimir force is so large that the relax-
ation frequency  is much smaller than the plasma frequency
P and smaller than the frequency c /L associated with mir-
ror separations between 20 nm and 6 m used in experi-
ments so far 14–21. On the other hand, at room tempera-
ture the energy scales kBT and  are comparable, thus
opening the opportunity to explore the transition from the
classical to the quantum regime.
As we will show in this paper, if apart from the thermal
scale the relaxation frequency  represents the smallest fre-
quency scale, essential low-temperature features of the Ca-
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simir effect within the Drude model are analogous to those
pointed out above for the free Brownian particle. In our opin-
ion, this analogy will be valuable for the understanding of
the thermal Casimir effect and shed additional light on ther-
modynamic peculiarities related to the transverse electric
mode 22–25 such as the negative entropy found for the
Drude model.
We will start in Sec. II by reviewing recent results on the
thermodynamics of the free Brownian particle and presenting
additional results on the entropy which is of particular inter-
est in relation to the Casimir effect. In Sec. III, essential
properties of a Drude metal such as its permittivity and re-
flectivity are introduced. Section IV is devoted to the thermal
corrections to the zero-temperature Casimir force. The low-
temperature behavior of the Casimir force is discussed and
the leading thermal correction for the transverse electric
mode within the Drude model is obtained on the basis of a
scattering approach. In addition, the leading thermal correc-
tion for the transverse magnetic mode is presented. In Sec. V,
we establish the analogy between the free Brownian particle
and the thermal corrections to the Casimir force due to the
transverse electric mode within the Drude model. This anal-
ogy will be further discussed in Sec. VI in terms of the free
energy and the entropy. Finally, in Sec. VII we present our
conclusions. Technical details concerning the derivation of
the leading thermal corrections to the Casimir force within
the Drude model will be given in the Appendix.
II. THERMODYNAMICS OF THE FREE
BROWNIAN PARTICLE
As a paradigm for the peculiar effects of a finite system-
bath coupling on the thermodynamics of the system degree
of freedom, we consider a free particle of mass M. For nor-
malization purposes, the particle will be confined to a region
of size L which is assumed to be sufficiently large so that the
energy quantization is irrelevant for the temperatures of in-
terest, i.e., 2 /2ML21.
The free particle is assumed to be bilinearly coupled to a
bath of harmonic oscillators. The total Hamiltonian can then
be cast into the form
H = HS + HB + HSB 1





where P is the momentum of the particle, the bath Hamil-
tonian describing an infinite collection of harmonic oscilla-














	 − mnn2xnQ + mnn22 Q2 4
coupling the free particle and the bath oscillators via their
respective positions Q and xn. For a more detailed discussion
of this Hamiltonian, we refer the reader to the literature
26–29.
Two aspects of coupling Hamiltonian 4 are important to
ensure translational invariance of total Hamiltonian 1. The
second term in Eq. 4 depends only on the system coordi-
nate Q and cancels a potential renormalization induced by
the coupling to the bath. Furthermore, a special choice of the
coupling constants appearing in the first term has been made.
This choice does not restrict the generality of the model 29
as it turns out that the microscopic details of the Hamiltonian
enter into properties of the system degree of freedom only







3 − n . 5
By appropriate choice of the oscillator masses mn and fre-
quencies n any given spectral density J can be modeled.
As a starting point for the following thermodynamic con-






In the absence of any coupling between system and bath, this
quantity reduces to the partition function of the system while
otherwise it accounts for the influence of the coupling. Any
quantity which can be obtained by a linear operation from
the logarithm of this partition function can be viewed as a
difference of the quantities related to the system and bath on
one hand and to the bath alone on the other hand 7. It thus
describes the effect induced by coupling a system degree of
freedom to the heat bath. Such quantities therefore do not
need to satisfy thermodynamic conditions which have to be
imposed on closed systems.
For a free Brownian particle, the reduced partition func-


































is the Laplace transform of the damping kernel expressed
here in terms of the spectral density of bath oscillators 5.
For a damping force proportional to the velocity, commonly
referred to as ohmic damping, one simply has ̂=. In
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order to ensure the convergence of the infinite product, a
high-frequency cutoff has to be introduced which is often





In the internal energy and therefore also the free energy, a
finite cutoff c is needed while the limit of infinite cutoff can
be taken for the entropy, for example. As we will see at the
end of this section, it may, however, be interesting to keep c
finite and even to consider the case of very small cutoff
frequencies.







T logZ . 11
We will carry out the discussion of the entropy in two steps
which both lead to results of relevance for our later consid-
erations of the Casimir effect. First, we will restrict ourselves
to the limit of infinite cutoff frequency c and then, in a
second step, we admit finite cutoff frequencies.
From Eq. 11 one finds with Eqs. 7 and 10 in the limit



























where x is the gamma function and x its logarithmic











which depends logarithmically on the box size L. The exis-
tence of this nonvanishing entropy S0 is a consequence of the
fact that we do not account for the level spacing due to the
finite box size as discussed at the beginning of this section.
We rather are interested in the influence of a finite damping
strength. In the following, we will concentrate on the differ-
ence S−S0 which is independent of L.








	 + 1 . 14
In view of entropy constant 13 it follows that the high-
temperature behavior of the entropy S does not depend on
the damping strength . This reflects the fact that equilibrium
properties in classical thermodynamics do not depend on the
strength of the coupling between system and heat bath. At
the same time, the high-temperature expression for the en-
tropy represents the entropy of an undamped free particle for





between specific heat C and entropy S, the logarithmic de-
pendence of the entropy on the inverse temperature leads to a
constant specific heat C=kB /2 for any nonvanishing tem-
perature in the absence of damping.
In the presence of damping, quantum effects arise in the










This expression diverges for vanishing damping constant
clearly indicating that the limit →0 is nontrivial at low
temperatures. In contrast to the constant specific heat found
for the undamped particle, the specific heat now depends
linearly on temperature.
The temperature dependence of the difference between
entropy 12 and its zero-temperature value 13 is depicted
in Fig. 1 as a solid line together with the high- and low-
temperature expressions 14 and 16, respectively, as dotted
lines.
From Eq. 12 it is clear that the difference S−S0 depends
on the temperature only through the dimensionless quantity
 which, in view of our discussion in the introduction,
should be expected. As  decreases, the high-temperature
region effectively becomes increasingly larger. However, the
divergence of Eq. 14 in the zero-temperature limit is
avoided by a crossover to the low-temperature behavior 16
below temperatures of the order of  /kB. In this low-
temperature regime, the dependence on  immediately
implies a nontrivial limit of vanishing coupling to the heat
bath as discussed in connection with Eq. 16.
As we will see in more detail in the discussion of the
Casimir entropy, a difference between the Casimir problem
and the free Brownian particle consists in the value taken by
the entropy at zero temperature. While the Casimir entropy
goes to zero in that limit, we found a nonvanishing entropy
constant S0 for the free Brownian particle. S0 will be positive
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FIG. 1. Temperature dependence of the difference between en-
tropy 12 and its zero-temperature value 13 for a free Brownian
particle subject to ohmic dissipation of strength . The dotted lines
correspond to the high- and low-temperature expressions 14 and
16, respectively.
QUANTUM DISSIPATIVE BROWNIAN MOTION AND THE… PHYSICAL REVIEW E 80, 041113 2009
041113-3
pling to the heat bath is larger than the ground-state energy.
The Casimir entropy, on the other hand, can exhibit negative
values of the entropy under certain circumstances. This
raises the question whether in the case of the free Brownian
particle the entropy can drop below S0. While this does not
necessarily imply a negative entropy, the entropies in the two
situations would nevertheless behave nonmonotonically. As a
direct consequence, thermodynamic quantities such as the
specific heat could in both cases take on negative values. For
the free Brownian particle this was indeed found for appro-
priately chosen spectral densities of bath oscillators 3.
For strictly ohmic damping, ̂=, the entropy S will
always be larger than S0 and we therefore have to consider
the case of finite cutoff frequency c. If ̂0−1, which
for damping kernel 10 corresponds to c, there exists a
temperature range where S−S00 and where the specific
heat becomes negative 3. The nonmonotonic behavior of
the entropy is shown in Fig. 2 for decreasing values of the
cutoff frequency c /=	, 1, 0.1, and 0.01 from the upper to
the lower curve. In addition to the appearance of a nonmono-
tonic behavior, one observes that with decreasing cutoff fre-
quency c and therefore decreasing coupling to the bath os-
cillators, the entropy follows the high-temperature behavior
14 represented by the dotted line down to lower tempera-
tures. This underlines once more the nontrivial limit of van-
ishing coupling to the heat bath.
The nonmonotonicity of the entropy, however, does not
put the thermodynamic stability of the system in question. As
pointed out before, an entropy based on the reduced partition
function 6 is the difference of two positive entropies refer-
ring to the heat bath and the heat bath in the presence of the
free particle 7.
III. PLASMA AND DRUDE MODELS
In the context of this paper, we are not interested in a
realistic description of experiments 14–21 exploring the
Casimir effect but rather in a theoretical analysis of the ef-
fects of a finite conductivity of the mirrors, in particular at
low temperatures. We therefore assume an idealized geo-
metrical setup where two infinitely large metallic plane mir-
rors are positioned in parallel at a distance L of each other.
By an appropriate choice of the permittivity, we will account
for basic features of the optical response of real mirrors,
namely, the low reflectivity at high frequencies and the finite
conductivity at low frequencies.
The high-frequency optical response of a metal is well
described within the plasma model in terms of the relative
permittivity





Here, P denotes the plasma frequency which is related to






where c is the speed of light. The plasma model supposes the
metal to be made of a static ion core with the conducting
electrons freely moving around. Those electrons scatter the
incoming electromagnetic field in a large spectral range up to
frequencies of the order of the plasma frequency, for which
the metal is a very good reflector. At frequencies greatly
exceeding the plasma frequency the metal becomes transpar-
ent. For gold, the plasma wavelength is 0.136 m and the
finite plasma frequency becomes appreciable for mirror dis-
tances L1 m 34. In the following, we assume for all
numerical calculations a fixed value of P /L=0.136 corre-
sponding to a mirror distance of 1 m which is a typical
order of magnitude in experiments.
The relative permittivity  is related to the conductiv-
ity  of the mirrors by




Here, the conductivity  is expressed as a frequency from
which the conductivity in SI units is obtained as 0 with the
permittivity of vacuum 0. According to Eq. 19, applying
the relative permittivity 17 for all frequencies down to
=0 would imply the assumption of an infinite dc conduc-
tivity which is certainly unacceptable for normal metals.
The simplest model ensuring a finite dc conductivity is
the Drude model with the relative permittivity





obtained from Eq. 17 by introducing a relaxation frequency
. It corresponds to the relaxation of conducting electrons
induced by their random and instantaneous scattering on the






We will assume  to be independent of temperature thus
implying a finite conductivity at zero temperature due to
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FIG. 2. Temperature dependence of the difference between en-
tropy 12 and its zero-temperature value 13 for a free Brownian
particle subject to ohmic dissipation with a high-frequency cutoff
c /=	, 1, 0.1, and 0.01 from the upper to the lower curve. The
dotted line represents the high-temperature expression 14.
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Taking the dc conductivity of gold, 0Au
=4.52107  m−1, one obtains for the relaxation fre-
quency 2.710−3P. Assuming mirror distances of
1 m or smaller, we find L /c0.125. The relaxation fre-
quency therefore is typically small compared to P and to
L /c. On the other hand, for the conductivity assumed here,
the ratio  /kBT is on the order of 1 at room temperature.
Although the Drude model cannot be expected to give an
accurate description of all details of the permittivity of a real
metal 36,37, it is the simplest model accounting for a finite
dc conductivity and therefore deserves to be analyzed in de-
tail. As apart from the thermal frequency kBT / the relax-
ation frequency  is the smallest frequency scale in the prob-
lem, it is interesting to investigate the limit →0.
The reason why this limit can be nontrivial becomes ap-
parent when the reflection coefficients are considered. Before
doing so, we introduce the notation for frequencies and wave
vectors which will be used in the sequel. The wave vector of
an electromagnetic mode is k= k ,k, where k denotes
the component orthogonal to the mirrors while k is a two-
dimensional vector parallel to the mirrors. Although it is pos-
sible and sometimes useful to keep frequencies real 38,39,
here we will employ imaginary frequencies =−i and
wave-vector components =−ik so that the dispersion rela-
tion becomes 2=c22−k2.
With this notation the reflection coefficient for the trans-
verse electric TE mode is obtained as
rTEi,i =
c22 + i − 12 − c
c22 + i − 12 + c
, 22
while for the transverse magnetic TM mode one finds
rTMi,i =
c22 + i − 12 − ic
c22 + i − 12 + ic
. 23
An important difference between the plasma model and the
Drude model with direct implications for the reflection coef-
ficients is the fact that the limit of 2i−1 for →0 is
P
2 for the plasma model while it vanishes for the Drude
model. This does not affect the zero-frequency reflection of
the TM mode but for the TE mode one finds a vanishing
reflection coefficient rTE0, i for the Drude model in con-
trast to a nonvanishing value for the plasma model 40.
Clearly, such a behavior is not compatible with a continu-
ous transition from the Drude to the plasma model for
→0. The zero-frequency behavior of the reflection coeffi-
cient has a dramatic consequence for the Casimir force at
high temperatures. While within the plasma model the TE
modes contribute to the Casimir force, this is not the case
within the Drude model. As a consequence, in the latter case
the Casimir force arises only from the TM modes and is thus
reduced by a factor of 2 with respect to the plasma model
40. Recent years have seen an extensive debate about the
existence of this reduction factor and its compatibility with
thermodynamics for a review see, e.g., Refs. 22,24. Inter-
estingly, a rather independent approach based on a micro-
scopic study of the force between two slabs containing an
electron plasma in the classical and semiclassical regime also
led to a reduction of the Casimir force by a factor of 2
41,42 as does the consideration of the classical Bohr-Van
Leeuwen theorem 43.
In the following, we will analyze in detail the transition
from the Drude to the plasma model. Of particular interest
will be the case of low temperatures. This limit is of rel-
evance for the leading thermal corrections to the Casimir
force and also in the context of the ongoing debate about a
possible violation of the third law of thermodynamics
22,24. In the course of the discussion it will become clear
that the transition from the Drude to the plasma model for
the TE mode bears close analogy to the transition from a free
Brownian particle to a free particle 1,3,7.
IV. THERMAL CORRECTIONS TO THE CASIMIR FORCE
For the case of only partially reflecting mirrors, the radia-
tion pressure of the electromagnetic field modes on the mir-
rors can be obtained from a scattering formalism 44. Per-
forming the integration over the modes in imaginary
frequency  and imaginary orthogonal component  of the












d cosnF . 24
Here, A is the surface of the mirror, the prime at the sum sign










is the closed-loop function where one has to sum over the







In this expression, we have assumed for simplicity that the
two mirrors have the same reflection properties.
The n=0 term in Eq. 24 corresponds to the zero-
temperature Casimir force arising from the vacuum fluctua-
tions of the electromagnetic field between the mirrors. All
terms with n0 describe thermal corrections due to real
photons present at finite temperatures. Equation 24 is there-
fore particularly well suited to separate off the zero-
temperature force and to determine the low-temperature be-
havior.
If the conditions of validity of the Poisson formula are
met 10,46, we recover from Eq. 24 the Lifshitz formula
of the Casimir force 47










where F has been defined in Eq. 25 and n are Matsub-
ara frequencies 8. Here, the n=0 term allows to immedi-
ately read off the dominant contribution to the force at high
temperatures. For the TE mode within the Drude model, the
reflection coefficient and therefore the closed-loop function
vanish at =0. According to Eq. 28, the TE modes thus do
not contribute to the high-temperature behavior resulting in
the reduction of the force by a factor of 2 mentioned above
40. Expression 28 is not restricted to high temperatures
though and a corresponding expression has recently been
employed to analyze the low-temperature behavior of the
free energy 48–50.
For the discussion of the thermal corrections it is conve-
nient to introduce a dimensionless factor by dividing the Ca-







This expression accounts for both the TE and the TM mode
and will be used even in cases where only one of the modes








0 is the zero-temperature contribution arising from










describes the thermal corrections.
Before entering into a detailed analysis of the TE mode in
Sec. V, we discuss the temperature dependence of the Ca-
simir force for the TE and TM modes in the plasma model
and the Drude model. Figure 3 displays the thermal contri-
bution F
T defined in Eq. 31 as a function of the dimension-
less temperature kBTL /c for P /L=0.136 and the dc con-
ductivity of gold Au. The solid lines represent results based
on Lifshitz formula 28 while the filled and open symbols
represent data obtained by evaluating Eq. 24 for the TE and
the TM mode, respectively. As Fig. 3 indicates, the two ap-
proaches Eqs. 24 and 28 lead indeed to the same results
confirming that the Poisson resummation can also be em-
ployed for the Drude model. For the numerical evaluation of
the force, expression 24 works well at low temperatures
while Eq. 28 is advantageous at higher temperatures.
Results for the plasma model are shown in Fig. 3a. The































where the value of the Riemann zeta function is
3=1.202. . . Expression 33 is independent of the plasma
frequency and thus agrees with the leading thermal correc-
tion in the case of ideal mirrors 53–55.
The temperature dependence of the Casimir force within
the Drude model is depicted in Fig. 3b. The low-
temperature approximations again shown as dotted lines dif-

















where 5 /2=1.341. . . The dependence on the material
properties of the mirrors, i.e., in our case the plasma fre-
quency and the relaxation frequency, enter here only through
dc conductivity 21. The fact that the prefactor increases
with increasing conductivity indicates that the limit from the




























FIG. 3. The thermal contribution to the factor F defined in Eq.
30 for a the plasma model and b the Drude model in terms of
dimensionless factor 31 as a function of the temperature for
P /L=0.136 and 0=Au. The solid lines were obtained from Lif-
shitz formula 28 while the filled and open symbols were obtained
from Eq. 24 for the TE and TM modes, respectively. The thermal
contribution of the TE mode within the Drude model is negative so
that the absolute value of the data is shown. The dotted lines cor-
respond to various low- and high-temperature approximations iden-
tified by the respective equation numbers. In Eq. 36, C=−2.58
was used.
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mode. This behavior is analogous to the low-temperature be-
havior 16 of the entropy of a free damped particle where
the prefactor increases with decreasing damping constant.
The thermal correction 35 is negative and thereby re-
duces the zero-temperature Casimir force, thus already hint-
ing at the fact that the TE modes will no longer contribute to
the force at high temperatures. Accordingly, the thermal con-
tribution F
T for this mode saturates at −F
0 , i.e., the negative
of the zero-temperature contribution, so that the total force
due to the TE modes vanishes in the high-temperature limit.
Expression 35 confirms the expression appearing as
next-to-leading order in the low-temperature expansion of
the free energy conjectured by Høye et al. 48 on the basis
of an analysis of the Lifshitz formula 56 and later derived
by Borel summation 49. We will turn to the low-
temperature behavior of the free energy in Sec. VI.















is special because instead of a simple power law a logarith-
mic factor appears. In Eq. 36, C represents a constant. As in
Eq. 35, the material properties of the mirror appear in the
prefactor only through dc conductivity 21. In contrast to
the TE mode, however, the prefactor decreases here with
increasing conductivity so that the limit of infinite conduc-
tivity does not present difficulties. A derivation of Eqs. 35
and 36 can be found in the Appendix.
After multiplication of the low-temperature approxima-
tions 33–36 with the Casimir force for ideal mirrors at
zero temperature 29 one notices that the leading thermal
corrections to the force do not depend on the distance L
between the mirrors for the TE mode while they decrease as
1 /L2 for the TM mode. The fact that the leading thermal
correction for the TE mode is independent of L does not
mean, however, that at a fixed low temperature this contri-
bution will survive for arbitrarily large separations of the two
mirrors because an increase in L will drive the system into
the regime where the high-temperature approximation 32
applies. Then the Casimir force decreases as the mirrors are
moved apart.
One feature visible in Fig. 3 for the parameters chosen
here is still worth being noted. Both for the plasma model
and the Drude model, the thermal contribution of the TM
modes in an intermediate temperature regime increases with
temperature according to the low-temperature behavior 33
of the TE modes for ideal mirrors. This happens because the
thermal correction for the TM modes increases more slowly
with temperature than for the TE mode in the presence of
ideal mirrors. Before the high-temperature asymptote is
reached, the thermal correction crosses over to the low-
temperature behavior 33 of the TE mode in the ideal case
or the plasma model. In this regime, the thermal corrections
are dominated by the exponential factor in the closed-loop
function 27 and the reflection constant can be set to 1.
In Fig. 4 we show the total force expressed through the
factor F as a function of the temperature for P /L=0.136
and the dc conductivity of gold. As in Fig. 3 the solid lines
result from an evaluation of Lifshitz formula 28 while the
symbols represent data obtained by means of Eq. 24. Filled
and open symbols correspond to TE and TM modes, respec-
tively, while the gray symbols represent the sum of both.
Circles and triangles correspond to the plasma and the Drude
model, respectively. As noted before, the agreement between
the two approaches Eqs. 24 and 28 confirms the appli-
cability of the Poisson resummation.
For the relatively small value of the relaxation frequency
 chosen here, it is almost impossible for the TM modes to
distinguish in Fig. 4 between the data corresponding to the
Drude and plasma models. For these modes, the limit
→0 continuously leads from the Drude to the plasma
model. In contrast, the contribution of the TE modes behaves
very differently for the Drude model and the plasma model.
This difference survives the limit →0.
So far, an experimental distinction between the plasma
and the Drude model is only based on an effectively zero-
temperature measurement of the Casimir force 14. This
quantity integrates over the closed-loop function and one
therefore has to rely on quantitative comparisons. Thermal
contributions to the Casimir force at low temperatures, on
the other hand, are particularly sensitive to the low-
frequency behavior of the closed-loop function and allow for
a decision in favor of one or the other model already on a
qualitative level. One of the indicators would evidently be
the sign of the thermal correction. In addition, because of the
different exponent in the low-temperature expressions 33
and 35 of the TE mode, thermal corrections for the Drude
model should be visible already at lower temperatures
















FIG. 4. The total Casimir force in terms of the dimensionless
factor defined in Eq. 30 as a function of the temperature for
P /L=0.136 and 0=Au. The lines were obtained from Lifshitz
formula 28 while the symbols represent data obtained from Eq.
24 for the plasma model circles and the Drude model triangles.
Filled and open symbols correspond to TE and TM modes, respec-
tively, while gray symbols represent the sum of both modes. For the
TM mode, because of the small relaxation frequency, the curves and
symbols for the two models lie almost exactly on top of each other.
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V. TRANSVERSE ELECTRIC MODE
We will now focus on the TE mode. To avoid cumber-
some notation, it will be understood that all quantities refer
to the TE mode even if this is not made explicit. In order to
analyze the difference in behavior for the plasma model on
the one hand and the Drude model on the other hand, it is
appropriate to consider the difference in the thermal contri-





To understand the transition from the Drude to the plasma
model, it is crucial to realize that the closed-loop function
fi , i for the Drude model depends only on the ratio  /.
According to Eqs. 22 and 27, the frequency enters only
through the combination 21−i, so that our assertion
immediately follows from relative permittivity 20 of the
Drude model.
This behavior is illustrated in Fig. 5 where in the upper
panel −L2fTE is plotted as a function of c /P and  /.
In analogy to Eq. 37, fTE refers to the difference in the
closed-loop functions of the TE mode within the Drude and
the plasma model. The plotted quantity then describes the
change in the integrand in Eq. 25 when going from the
plasma model to the Drude model.
Figure 5b depicts −L3FTE which according to Eq.
25 is obtained from the quantity shown in Fig. 5a by
integration over . Due to the lower integration limit, FTE for
the Drude model and thus FTE depend on . The dotted and
dashed lines correspond to L /c=10−1 and 10−3, respec-
tively, while the solid line represents the limit →0. In
agreement with the reasoning above, the low-frequency re-
gion, where this function has its largest weight, turns out to
be practically independent of  as long as the relaxation
frequency is not too large. Only at higher frequencies, finite
relaxation frequencies lead to a rather sharp cutoff. With de-
creasing relaxation frequency, also the high-frequency part
approaches more and more the decay with 1 / found in the
limit →0.
In view of this observation, it is appropriate to rescale the
frequency in Eq. 31 by  which implies that the tempera-
ture only appears in the combination . The change 37
























where u=c /P and fD and fP are closed-loop functions
27 with the reflection coefficients of the Drude and plasma
model, respectively.
In the limit of small , the lower limit of the inner integral
in Eq. 38 effectively becomes zero. Then, the difference of
the thermal corrections can be expressed as
F
T = gF . 39
In the special cases of Eqs. 32 and 35 we have
gFx1 /x and gFx1 /x5/2, respectively. The prefactor 
in Eq. 39 ensures that the sum appearing in Eq. 38 has a
well-defined high-temperature limit.
As the temperature appears in Eq. 39 only in the com-
bination , it follows that the limits of zero temperature
and zero relaxation frequency do not commute. For any finite
temperature, the limit →0 implies →0 so that Eq. 37
takes its classical value
F













This result is independent of the closed-loop function of the
Drude model because the reflection coefficient within this
model vanishes at zero frequency.
The implications of the behavior of F
T can be under-
stood with the help of Fig. 6 where the solid line represent-
ing −F
T displays a smooth crossover between −F
T
plasma dotted line at high temperatures and F
T Drude
dashed line at low temperatures. Here, three different re-
gimes can be distinguished which are indicated in Fig. 6 by
the letters A–C. Regime A corresponds to high temperatures
where to leading order in the temperature −F
T plasma




































FIG. 5. a The difference −L2fTE between the integrands
appearing in Eq. 25 for the Drude and the plasma model as a
function of  / and c /P for P /L=0.136. b After integration
over , one finds −L3FTE which tends to the solid line in the
limit →0. The dashed and dotted lines refer to L /c=10−3 and
10−1, respectively.
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mal corrections within the plasma model turn to their low-
temperature behavior described by Eq. 33 and thus de-
crease very fast with decreasing temperature, one reaches the
regime B. Here, F
T determines the thermal corrections of
the Drude model which for sufficiently small relaxation fre-
quency  are still given by the right-hand side of Eq. 40.
Deviations from the high-temperature behavior occur at
small temperatures which decrease with decreasing . It is
found in the Appendix that there F
T T5/2 with the prefac-
tors given in Eq. 35. As the corresponding exponent for the
plasma model is larger, it follows that also in regime C F
T
agrees with the thermal corrections for the TE mode within
the Drude model. We remark that the scenario described here
holds for sufficiently small values of . If the relaxation fre-
quency is significantly larger than the plasma frequency P,
an additional regime can appear as was the case in Fig. 3 for
the TM mode. In an intermediate temperature regime, F
T
then follows the low-temperature behavior 33 of the
plasma model.
In this section, we have identified a quantity, F
T, which
depends on temperature only through the dimensionless
quantity . Although this quantity describes the difference
between two different models, the Drude and the plasma
models, it nevertheless directly determines F
T for the Drude
model at low temperatures where F
T for the plasma model in
view of the strong temperature dependence 33 becomes
negligibly small. In the regions B and C of Fig. 6, the tem-
perature dependence of F
T for the Drude model is therefore
analogous to that of thermodynamic quantities like the en-
tropy of a free Brownian particle. As the relaxation fre-
quency  decreases, the region B extends increasingly farther
down to low temperatures. Nevertheless, below a tempera-
ture of the order of  /kB a region C is always reached
where the low-temperature behavior 35 applies. For any
nonvanishing relaxation frequency, the situation is therefore
different from the case =0. There, F
T simply vanishes
because setting  to zero in the Drude model will turn it into
the plasma model.
VI. CONTRIBUTION OF THE TRANSVERSE
ELECTRIC MODE TO THE ENTROPY
We now explore how the findings in the previous section
translate to the free energy and in particular the entropy
which is the focus of the discussion about a possible viola-
tion of the third law of thermodynamics. The entropy can be


















log1 − r2i,iexp− 2L . 42
A Matsubara sum corresponding to Eq. 28 can be derived
by means of a Poisson resummation. The Casimir force and
the free energy are related by F=−F /L. Comparing the
structure of Eqs. 24 and 42, it is clear that the reasoning
of Sec. V can readily be applied to the free energy. In par-
ticular, the difference between the free energies in the Drude
and plasma model is also of the form F=gE. As for
the force, this difference equals the result of the Drude model
at low temperatures and thus the scaling can readily be veri-
























	5/2 + ¯ 43
which agrees with results derived earlier 48,57 on the basis
of the Lifshitz formula for the free energy. In analogy to the
force, we have divided in E
T the free energy at temperature T






at zero temperature for ideal mirrors and accounting for both
polarizations. Without the normalization, the first term in Eq.
43 is independent of the mirror separation L and thus does
not contribute to the Casimir force. Therefore, it is the sec-
ond term which corresponds to the leading low-temperature
behavior 35 of the TE mode within the Drude model.
For the difference STE of entropies in the Drude
and plasma model one finds after taking the derivative
of the difference FTE of free energies with respect
to temperature that it can be written in the form STE /kB
= 2gE /. Here the prime indicates a derivative
with respect to the argument of the function. As before for
the force, we see that the limit →0 leads into the high-
temperature regime. For any finite  there is, however,
always a low-temperature regime determined by Eq. 43

















FIG. 6. The absolute value of the difference of thermal correc-
tions 38 to the factor F for the Drude and the plasma model
is shown as a function of the temperature as solid line for
P /L=0.136 and 0=Au. The dashed line represents the negative
thermal correction for the Drude model while the dotted line corre-
sponds to the thermal correction for the plasma model. A, B, and C
indicate three different regimes discussed in the text.
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The temperature dependence of the entropy is illustrated
in Figs. 7 and 8. Figure 7 shows the contribution of the TE
mode to the entropy for the Drude model with P /L=0.136
and L /c=0.01,0.1,1 ,10,100,1000 from the lowest to the
uppermost curve. These curves demonstrate that the depen-
dence of STE on the dimensionless temperature  indeed
applies to the contribution of the TE mode to the entropy in
the Drude model for low temperatures where the entropy
within the plasma model is negligible.
In Fig. 8 the solid lines show the total entropy for the
same parameters as used in Fig. 7. In addition, the dashed
line represents the contribution of the TM mode for L /c
=1000 and the dotted line gives the total entropy for the
plasma model with P=0.136. For small relaxation frequen-
cies , the temperature dependence of the entropy displays
the same qualitative behavior as found for the specific case
of copper plates 58. In particular, a temperature regime
exists where the entropy becomes negative. In any case,
however, the entropy will go to zero as temperature goes to
zero, in accordance with Nernst’s theorem. Furthermore, it
can be seen that the total entropy remains positive if  is
sufficiently large. This is the case for L /c=1000, i.e., the
uppermost curve in Fig. 8. The comparison with the corre-
sponding contribution from the TM mode depicted as dashed
line shows that the contribution of the TE mode is neverthe-
less negative.
With increasing relaxation frequency or, equivalently, de-
creasing conductivity, the electromagnetic field couples less
strongly to the electrons in the mirrors and in the limit of
vanishing conductivity the electromagnetic field could be
considered as an isolated system. In this situation, the en-
tropy has to remain positive as in fact it does. If, on the other
hand, the coupling is strong, the electromagnetic field repre-
sents only a subsystem whose entropy can well become
negative as has already been pointed out in Ref. 59.
Letting  formally go to zero in the low-temperature ex-
pression for the entropy would in principle lead to a nonva-
nishing negative entropy at zero temperature, but then we
would have to start with the plasma model from the very
beginning where it is generally agreed that Nernst’s theorem
holds. The noncontinuous transition from the Drude model to
the plasma model thus makes it possible that in the first case
for nonvanishing values of  and in the second case for 
=0 the entropy goes to zero in the zero-temperature limit as
it should.
VII. CONCLUSIONS
We have considered the thermodynamics of a free
damped quantum particle on the one hand and of the elec-
tromagnetic field enclosed between two mirrors of finite con-
ductivity, on the other hand. If in the first case the normal-
ization volume is very large and in the second case the
plasma frequency and the frequency c /L associated with the
mirror separation L are large compared to the relaxation fre-
quency of the Drude-type mirrors, the temperature depen-
dence in both cases is dominated by the interplay of two
energy scales: the thermal energy kBT and the energy 
associated with the damping or the relaxation present in a
Drude metal.
In such a situation, the limits of zero temperature and zero
damping do not commute. For any finite temperature, the
limit of small damping or relaxation will restore the classical
high-temperature behavior. This behavior, if continued down
to zero temperature, could potentially violate requirements
imposed by thermodynamics. However, for any nonvanish-
ing damping, there exists a quantum regime at low tempera-
tures, which regularizes the approach to zero temperature so
that no problems with Nernst’s theorem arise. For room-
temperature measurements on the Casimir effect with metal-
lic mirrors made of gold, the ratio kBT / is close to 1,
placing these experiments into the transition region between
the classical and the quantum regime.
The Casimir effect with its strong coupling between the
electromagnetic field modes and the metallic mirrors is a
prime example where the coupling between system and en-
vironment is far from negligible. In such cases, the coupling
will affect the thermodynamic properties in the quantum re-
















10−6 10−5 10−4 10−3 10−2 10−1 100 101 102
kBT/h̄γ
FIG. 7. The contribution of the TE modes to the entropy
as a function of the temperature for the Drude model with
P /L=0.136 and L /c=0.01,0.1,1 ,10,100,1000 from bottom to
top. The temperature is scaled with the relaxation frequency  in
order to underline the dependence on the dimensionless temperature












10−6 10−5 10−4 10−3 10−2 10−1 100 101
kBTL/h̄c
FIG. 8. The total entropy as a function of the tempera-
ture for the Drude model with P /L=0.136 and L /c
=0.01,0.1,1 ,10,100,1000 solid line, from bottom to top. The
dashed line indicates the contribution of the TM mode for L /c
=1000 and the dotted line corresponds to the entropy obtained for
the plasma model. In contrast to Fig. 7, temperature is taken with
respect to the mirror separation L.
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specific heat at low temperatures. Such negative values result
from the restriction to a subsystem and are therefore not in
contradiction with thermodynamic principles. The appear-
ance of a negative entropy or specific heat is not specific to
the free Brownian quantum particle 3 and the Casimir ef-
fect 59 but is also known, for example, in condensed-
matter physics 60,61.
While there exists a direct analogy in the low-temperature
behavior of the free Brownian particle and the Casimir ef-
fect, there is an apparent difference at high temperatures. In
the first case, the limit of vanishing damping leads to the free
particle while in the second case the TE mode contributes
within the plasma model while it does not for the Drude
model in the limit of vanishing relaxation frequency. This is
a consequence of the fact that the quantity which enters the
analogy for the Casimir effect is not the Casimir force itself
but the difference of the Casimir forces in the Drude and the
plasma model. It is this difference which in the classical limit
becomes independent of the relaxation frequency and thus
within our analogy accounts for the suppression of the Ca-
simir force by a factor of 2 at high temperatures.
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APPENDIX: LOW-TEMPERATURE EXPRESSIONS
FOR THE CASIMIR FORCE
WITHIN THE DRUDE MODEL
In the following, we derive the low-temperature expan-
sions 35 and 36 for the TE and TM modes, respectively,
within the Drude model. We take as our starting point ex-
pressions 25 and 31. In view of our discussion in Sec. V,
we introduce a dimensionless frequency x= /. As we are
interested in the low-temperature behavior and therefore in
the behavior of Fx for small x, it is convenient to introduce
another dimensionless variable u= c /P1+1 /x1/2. We
































xx + 11/2. A2
For the TE mode, the behavior of the integrand for small x is
dominated by the factor x3/2 in front of the integral over u.
The lower limit of integration A2 of that integral can then
be set to zero and in its integrand, the reflection coefficient
rTEu varies rapidly compared to the exponential function.

























u2 + 11/2 − u
u2 + 11/2 + u
. A4




















In the latter integral, an infinitely weak exponential regular-
ization was assumed. Inserting these two results into Eq.
A3 one finds the leading low-temperature contribution 35
of the TE mode to the Casimir force.
We now turn to the TM mode. In contrast to the TE mode,
the absolute value of the reflection coefficient equals one in
the limit of small frequencies, in which we are interested in
order to obtain the low-temperature behavior. We separate
the closed-loop function into two contributions,
fTMi,i = fTM
1 i + fTM











2 i,i − 1




The first contribution is familiar from the case of ideal mir-
rors and leads to a low-temperature contribution of the form
of Eq. 33 which goes with T4. The second term will turn
out to increase faster at low temperatures and therefore de-
termines the leading-order term. For small values of the di-
mensionless variables x and u, one obtains to leading order
u2fTM






The leading term of the thermal correction to the factor F
thus becomes
























From the lower limit, the integral over u yields a logarithmic
contribution as given in Eq. 36. Such a logarithmic term
also appears in the evaluation of the low-temperature behav-
ior of the TM mode in the plasma model 51, even though
the final result only contains a power of temperature. In con-
trast, here, the logarithmic term will survive the integration
over x. The ultraviolet behavior of the integral over u will be
regularized if the complete closed-loop function is taken into
account. From here, a contribution to the next-to-leading
term can be expected.
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